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SUBGROUPS OF FINITE SOLUBLE GROUPS INDUCING
THE SAME PERMUTATION CHARACTER

NORBERTO GAVIOLI

ABSTRACT. In this paper there are found necessary and sufficient conditions
that a pair of solvable finite groups, say G' and K, must satisfy for the existence
of a solvable finite group L containing two isomorphic copies of G and H
inducing the same permutation character. Also a construction of L is given
as an iterated wreath product, with respect to their actions on their natural
modules, of finite one-dimensional affine groups.

1. INTRODUCTION

We shall say that two subgroups G and H of a finite group L are linked (in L)
if the characters of L induced by the principal characters of G and H are equal.
Equivalently, G and H are linked in L if |C NG| = |C N H| for each conjugacy
class C of elements in K. It is obvious that conjugate subgroups of K are linked,
but linked subgroups need not even to be isomorphic (see [1], [3], [4] and [8]). This
fact has been used to give examples of pairs of objects which have some similar
properties but are not isomorphic. In [8] pairs of nonconjugate linked subgroups of
a finite group are used to construct examples of arithmetically equivalent number
fields which are not isomorphic. In [9] pairs (H, K) of nonisomorphic linked sub-
groups provide examples of pairs of isospectral riemannian manifolds which are not
isometric; indeed it turns out that H and K are the fundamental groups of these
manifolds. A natural question is: for which pairs of finite groups G and H there
exists a group L with linked subgroups isomorphic to G and H?

It is easy to see that, if G and H are linked subgroups of L, then, for each n,
the number of elements of order n in G is the same as in K. Conversely assume
that G and H are finite groups satisfying this condition. Then G and H have the
same number of elements, so we can embed G and H as regular subgroups of one
suitable symmetric group. The images of these embeddings are linked subgroups
in that symmetric group (this result appears in [8]).

Assume now that G and H are linked subgroups of a p-group L. Choose a chief
series for L and a generator for each of the chief factors of the series. This is called
a Sylow sequence for L. Intersecting this series with G and H and eliminating
repetitions, one finds Sylow sequences for G and H. If g is an element of G, note
which chief factor it ‘lives’ in and which power of the generators it projects to.
Repeat the same for gP, gpz, and so on. The result is the weight-leader sequence
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for g. Since G and H are linked in L and their Sylow sequences are obtained from
that of L, it follows that, for each prescribed weight-leader sequence wl, the groups
G and H have the same number of elements having weight-leader sequence equal
to wl. Conversely if G and H satisfy this condition with respect to suitable Sylow
sequences, then there exists a p-group L with linked subgroups isomorphic to G
and H. The group L can be chosen to be a Sylow subgroup of the symmetric group
on | H | letters (see [1]).

This paper provides a similar condition for answering the question: given two
finite solvable groups G and H, is there a finite solvable group with linked sub-
groups isomorphic to G and H? Instead of considering chief series, we define a
‘weight sequence’ of an element of G with respect to a series of normal subgroups
with abelian factors of prime exponent. To each g, note which factor it lives in; if
p is the exponent of that quotient do the same with ¢g?, and so on. The result of
this operation is the weight sequence of g. As in the case of p-groups, if G and H
are linked subgroups of a finite solvable group, choose a chief series for L. Forming
intersections with G and H, obtain series of normal subgroups of G and K and
define the weight sequences in terms of these. It is easy to see that for each pre-
scribed weight sequence w, the groups G and H have the same number of elements
having weight sequence equal to w. Conversely assume that G and H are two finite
solvable groups satisfying the above condition. One can easily see that |G| = | H |,
that the two series have the same length and that the corresponding factors have
the same orders. In particular G and H can be embedded in the same symmetric
group as regular subgroups. The orbits of the subgroups in the series of G form a
tree of imprimitivity blocks for the action of G. The normalizer of this block tree
is the iterated wreath product of the symmetric groups acting on the factors of the
series of G. Indeed G is contained in a smaller group W which is the iterated wreath
product, with respect to the regular action, of the elementary abelian factors of the
series of G. Since two such groups are conjugate in the symmetric group on |G|
letters, we can assume that both G and H are subgroups of the same W. However
in Section 5 we give an example in which G and H need not be linked in W for
every choice of series for G and H as above. So we choose a larger iterated wreath
product. Regard the elementary abelian group of order p* as the translation sub-
group of the one-dimensional affine group A(p*) over the Galois field F(p*). Let L
be the iterated wreath product of these affine groups acting on the factors of the
series of G (and of H), then G and H are embedded in L as linked subgroups.

This result is part of my Ph.D. dissertation that has been written in Italian at
the University of Trento under the supervision of Professor A. Caranti. I want
to thank him for his assistance. I want also to thank the referee for his helpful
suggestions for the revision of this paper and also for improving and shortening the
arguments contained in Section 5.

2. NOTATION

Let G be a soluble group. An invariant series of G is a series of normal subgroups
of G. Let
3:1=Gp<G1 < <G =G

be an invariant series of G with abelian factors of prime exponent. Let V; be the
quotient G;/G;—1 and p; the exponent of V;. We put also pg = 1. For every
i = 1,...,n we denote by m;: G; — V; the projection on the quotient and we
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choose a transversal T;: V; — G; for G;_1 in G; such that T;(0) = 1; we shall call
it a restricted transversal.

The direct product Dy, = Vi x --- x V,, will be called the tangent space of G
with respect to 3. We will use the additive notation for the abelian groups V; and
D1 .

We define also a restricted “exponential” function T: D; , — G by letting

T(’Ul, V2, ... ,’Un) = Tl(’Ul) . TQ(’UQ) N Tn(’l}n)
It is easy to verify that the function T is bijective, with an inverse log: G — D1 .

If g € G we define the weight of g with respect to the series {G;}!_, to be the
nonnegative integer wt(g) = min{i | g € G;}.

3. WREATH PRODUCTS OF FINITE ELEMENTARY ABELIAN GROUPS

Let A and B be two groups and let Y be a B-set; then B acts on AY as an
automorphism group by means of the coinduced action: fb(y) = f(y* ).

Definition 1. The wreath product Ay B is the semidirect product B[AY] with
respect to the coinduced action. When Y is B itself seen as a B-space via the
regular action, then we shall write, for short, A? B in place of Alp B.

The elements of Aly B are represented by pairs (b, f), where b € B and f € AY.
The group AY may be identified with the subgroup {(1, f): f € AV} of Aty B,
which is called the base subgroup of Ay B and it is the kernel of the canonical
projection B[AY] — B. If A and B are groups acting respectively on the sets
X and Y, then there exists a canonical action of Ay B over X x Y defined by:

(z,y) ")) = (;vf(yb), yP). Tt is easy to see that this action is faithful if and only if X
and Y are faithful respectively as an A-set and a B-set.

Lemma 2. Let A and B be two transitive permutation groups acting respectively
on X and Y, where | X |, |Y | > 1. Then G = Aly B is imprimitive on the set
X xY. Moreover the fibers of the projection wy : X XY — Y are imprimitivity
blocks and the kernel of the action of G on the set of the blocks is the base subgroup
AY of G.

Proof. The set Y is a G-set by letting y(®f) = y*. The projection my (z,y) = ¥ is
then a G-function and its fibers are trivially imprimitivity blocks for the G-action.
The stabilizer of the fiber w;l(y) is the subgroup Gﬂ_;l(y) = { (b, f)eG:yb = y}
Hence the kernel of the action of G on the fibers is N = {Gﬁ;1(y) VRS Y}. Since
B acts faithfully on Y, then IV is the base subgroup of G.

The next lemma is well known and the proof will be omitted.

Lemma 3. Let A, B and C be permutation groups acting respectively on the sets
X, Y and Z. Then the set-isomorphism (X X Y) x Z =2 X x (Y x Z) yields an
equivalence of permutation groups:

(Aly B)izC = Alyxz (B1z0).

Let {V;};2, be a sequence of finite abelian groups of prime exponents p; =
exp(V;). Then we shall use the following notation

g, - L= (o (Vi Vi) Ve ifh <k,
SR if h > k;
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[, Vi=Vix--xVy ifh<k,
o Dy = .
’ 0 if h > k;
o My jn=(Gn) " *for1<h<j<k
For short, we shall denote the group G, by G,. The group G is clearly a
permutation group on Dy, j.

Lemma 4. If h < k < j, then the canonical set-isomorphism (Vi, X -+ x Vj_1) X
Vi =2 (Vi X x Vi) X (Vi1 X -+ - X V;) yields an equivalence of permutation groups:

Gnj = Gry1,5Mhnk,jl = Gnk Wiy Gr1,j-
Proof. Tt is an inductive consequence of Lemma 3. O

Proposition 5. Ifk > h, then Gy, i is imprimitive on Dy, . Moreover the following
statements hold:

(i) If h < j <k and (vj41,...,v) € Dji1k, then the set B(vji1,... ,v5) =

Dy j x {(vj41,... ,v%)} € Dp i is an imprimitiwvity block for G k,
(if) if h < j <k, then Gn 1 acts transitively on the set F; = D1 of blocks of
the form B(vji1,...,vr) and this action has kernel My, j i,

(iii) Gpk is equivalent, as a permutation group, to Gji1,x[Mp ;i
(iv) Gne = Mp gk Mi—1k—1.6Mr—2k—2.5 - [Mnnr) -]

Proof. Points (i), (ii) and (iii) follow from Lemmas 4 and 2 applied to the groups
G = Gnk = Gnjlp, i1, Gj+1,6- In particular the group Gy x acts on the blocks of
F , with kernel My, , i, and is equivalent to Gpn11 x[Mp nk]. Hence, arguing by
induction on k — h we obtain the result of statement (iv). O

When h =1 and k = n we put, for short, B; = M1, and V; = M, ;, <G, =
Gi,n. Note that B; < B;11 and since Gy, splits over B; so does Bj;1. The factor
Bjt+1/B; corresponds to V41 in the canonical isomorphism Gji1,, = Gi.,/Bj, ie.
to the kernel of G, acting on Fji2,. We then have Bj;1 = V;1[B;]. As a
consequence we find the following equalities for £k =1,... ,n:

(1) Bk = Vk . Vk—l c 'Vl = Vk[Bk_l].

Let g,¢' € G,, by the previous equalities we can write g = My - Myp_1 -+ My
and ¢’ = m), -m),_,---mj, with m;,m} € V;. So m; is identified with a function
m;: Diy1, — Vi. The action of G, over Dy , is then given by (vy,... ,vn)fl =
(v1 = ma(va,...,0n), . ,Un—1 — Mp—1(Vy), vy — Mmy). Moreover for ¢ < j we have
the formula:

m,~
(2) m; J ('Ui—i-la N 7’Un) = mi(vi_H, N 7’Uj_1,’l)j — m;-(vj+1, N ,Un), ’Uj+1, N 7’Un)
which can be used to describe the group operation when the elements of G, are
represented in the above form.

The invariant series of G,

will be called the canonical series of G,,. Its factor groups are the elementary abelian
groups Vg. The weight of an element of G,, will always be computed with respect
to this series. For h < j < k, denote the permutation representation given by the
action of Gy, , over F}; = Dji1 k, described in point (ii) of the previous proposition,
by pjr: Gnx — Gj+1,% and put also pp_1,, = id.
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Definition 6. We say that an element g € G, is diagonal if, for all integers j
such that h — 1 < j < k, the group (p;x(g)) is either a trivial or a semiregular
subgroup of Gjy1 k.

Proposition 7. Let 0 < s < n be two positive integers and g € Bs < G, with
g # 1. Considering the decomposition G, = Gs WDss1m Gst1,n and writing g = (1,a),
with a: Dgi1,n — G1,5, the following are equivalent:
(i) g is a diagonal element of G,
(ii) for all d € Dyi1,, the element a(d) € G, is diagonal and wt(g*) = wt(a(d)")
for all k € Z.

Proof. (i) = (ii). Let d = (ve41,... ,vn) € Dsy1,n and suppose that wt(a(d)*) =
t < s. Then, for all choices of v; € V;, where i = t+1,... s, the set B(vi41,... ,0s
= D14 X (441, .. ,0s) is a permutation block fixed by p; s(a(d)*). Hence pt . (g*
fixes the block B(vi41, ... ,Vs,d) = D14 X (V441,...,0,) € Fy . Since g is diagonal,
we have p;,,(g¥) = 1, which is equivalent to wt(g*) < t = wt(ak). So wt(g*) <
min {wt(a(d)k) :d e D3+1,n}. On the other hand, if B(viy1,...,vs) is a block
which is not fixed by p;s(a(d)¥), then B(viy1, ... ,vs,d) is not fixed by g and so
wt(g*) > max {wt(a(d)*) : d € Dyj1,,}. Hence wt(g*) = wt(a(d)*) for all k € Z
and for all d € Dgyq . To see that a(d) is diagonal let £ € Z. Assuming that
t < s is a positive integer for which there exists a block B(viy1,...,vs) fixed
by pt.s(a(d)*), we want to show that p; s(a(d)*) = 1. In fact B(vit1,...,vn) =
B(vi41, ... ,0s) X d = B(vgy1, .- ,vs)a(d)lC x d = B(vgg1,-.- ,vn)gk implies that
B(Vt41,... ,vy) is a block fixed by p; s(g¥) and, since g is diagonal, p; s(g*) = 1.
Thus wt(a(d)*) = wt(g*) < ¢, which is equivalent to p; s(a(d)¥) = 1.

(ii) = (i). Let t < s and k € Z. Assume that B(vi41,... ,vy,) is a block fixed g*,
we have to show that p;,(g¥) = 1. Since ps,(g*) = 1, without loss of generality
we can assume that ¢ < s. Put d = (vsy1,...,0y), then B(vip1...,v5) xd =
B(tg1y-+- yUn) = B0ttty -+ ,00)Y = B(vegq ... ,vs)“g x d. So the element
pr.s(a(d)F) fixes the block B(viy1 ... ,vs). Since a(d) is diagonal, we must have
prs(a(d)®) = 1. We deduce wt(g*) = wt(a(d)¥) < t, which is equivalent to
pen(g*) =1. 0

Let V be a finite abelian group of prime exponent p. Let ¢: A1V — V be the
canonical projection.

~— —

Proposition 8. With the above notation if g,g" € AVV are such that ¢(g) # 0,
then the following are equivalent:

(i) g and g’ are conjugate in A1V ;

(ii) gP and g'" are conjugate in A1V and ¢(g) = ¢(g').

Proof. The only nontrivial implication is (ii) = (i).

Assume (ii). Then there exists an element v € V such that g and (¢'?)” are
conjugate elements in the group AY. Let C, = (#(g)) and write W = C, x W
for a suitable subgroup W of V. Note that g, ¢ € C,[AV] = AW 1 C,. From [1],
Lemma 2, it follows that g and ¢’ are conjugate elements in C,[A"], which implies
that g and ¢’ are conjugate elements in A V. O

Denote by G a finite soluble group with a given invariant series {G; }_, such that
Vi = G;/G;_1 is abelian of exponent p;. The group G, acts on Dy, = H?:l Vi,
hence the set S(G) = GP1n is a G,-set via the coinduced action. There exists
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a bijection between the set M(G), whose elements are n-tuples (Tq,...,T,) of
restricted transversals T;: V; — G, and the subset E(G) of S(G), whose elements
are the restricted exponential functions. In fact the function ¢: M(G) — E(G)
defined by (¢(T1,...,Tp))(v1,... ,0n) = T1(v1)-Ta(v2) -+ - Tr(vy) = T(v1,... ,0n)
has inverse defined by

(w_l(T))i(’Ui) = T(07 s ;Ovv’iv Oa s 70)
We define some new subgroups of G,,. For i < n put

Then C; < V; < G,. From formula (2) follows [C;,C;] < C; for ¢ < j. We can then
set &, =Cp_1Cpn_2-+-C1 < Gy.

Lemma 9. Let T and T’ be two restricted exponential functions, then there exist
elements m; € C;, fori=1,... ,n—1, such that, for all (v1,... ,vy) € D1y, there
holds

T (v1,...,vn) = T(v1 —m1(va, ... ;) Vne1 — Mp—1(Vn), Vn).

Proof. We argue by induction on the number n of factors of the series {G;}!,. If
n = 1 the claim is easily seen to be true. If n > 1, let T and T’ be elements of
E(G). Consider the function f: E(G) — S(G/G1) defined by:

f(D)(va, ... ,v,) =T(0,v2,...,v,)G1.

Clearly f(E(G)) = E(G/G1). By induction hypotheses there exist m; € C;, for
i=2,...,n—1, such that

T(0,v2 — ma2(v3,. .. ,Up)seev s U1 — Mp—1(Vn), Up)

(5) =c(va, ... ,v) Th(va), ..., Th(vy)

for some function c¢: Vo x -+ x V,, — G4. The transversal T;: V; — G7 is an
isomorphism of abelian groups and it is the inverse function of the isomorphism
712 G1>Vi. Since the samelf, holds for T, we have T; = T}. Let then m; = m oc,

then my € Vy. If, for i = 2,... ,n, we let v; = 0 in equation (5), then we find
¢(0,...,0) =1, so that m; is an element of C;. We then have
T(vi—mi(va, ... ,Up), 02 —M2(V3, ... ,Un)yeee s Une1 — M(Vn), V)
=T1(v1 —mi(va, ... ,v5))e(va, ... ,v,) Th(va) - T (vn)
=Ti(v1)c(va, ... ,vn) te(va, ... v,) Th(vg) - -- T (vn)

= Tll(vl) o T:L(UTL) = Tl(vlv ce 7”71)7

which is our claim. (|

Proposition 10. If T, T’ € E(G), then there exists an element | € &, such that,
with respect to the coinduced action, T’ = T!.

Proof. Take l = m,,_1 ---m1, where m; € C; are given in Lemma 9. O
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4. THE ITERATED FROBENIUS EMBEDDING

Assume that
1-K—>G—-Q—1

is an exact sequence of groups, so that @ = G/K, and that K is a subgroup of a
group R. It is known that it is possible to embed G in R1Q [6]. Choose a restricted
transversal T: @ — G of K in G, then the embedding is given by the formula

er,r(9) = (7(9), fg)

where the function f,: @ — R is defined by fy(¢) = T(¢-7(9)~') - g (T(q)) ™ .
If T € E(G) we define the embedding 6 1;: G; — G; by recursion (see [7]). Put

9 ()_ ﬁl(g)eVlzgl ifi::l,
i ETi,gifl(g) €G 1 Vi=g; if ¢ > 1,

where, in defining e, g, ,, we think of G;_; embedded in G;_; via 01 ;-1. The
homomorphism 6t = 01, is called an iterated Frobenius embedding with respect
to T, and it is a regular embedding of G in the permutation group G, acting on |G|
points. In fact we have

(6)

Lemma 11. Assume that T: D1, — G is a restricted exponential function, then
for all g € G and for all d € Dy, the equality T(d)g = T(d?*9)) holds.

Proof. It n = 1, then Dy 1 = Vi and T(d)g = T1(d + m1(g)) = T(d°T9). If
n > 1 write d = (d,v,), with d € D1 y—1 and v, € V,, and put T(d) = T(d,0).
Then T: Din—1 — Gn_1 is a restricted exponential function for G,,_; such that
T(d,v,) = T(d) Tp(v,) and 7,1 = 6 5. Using induction on n we can assume
that the lemma holds for the exponential function T. Thus

T(d)g = T(J)(Tn(vn)ng(Un + 7771(9))_1) Tn(vn + mn(g))
P (Tn(vn)g Tn(vn+ﬂn(g))*1)) To(vy + T (g))

deT(Tn(”n)gTn(Un'i‘7'l'n(g))71)7 Uy, + Wn(g))
(d, 0a)(" @) = T ),
where f(i) = 0101 (T (i — 7(g))g Tn(i)™1). =

Corollary 12. Let T,T' € E(G), then there exists an element | € &, such that
(01(9) =01 (g) for all g € G. Hence § v(G) and 0 1(G) are conjugate subgroups
of Gy,

Proof. Let | € &, as in Proposition 10. For all d € D; ,, and g € G we have
(@' @) = T'(d)g = T(d")g =T *7@) = T'(a" ),
Since T’ is injective and G, is faithful on D , the thesis follows. |

IfT € E(G) and B(vj11,... ,Un) € Fjn, with 1 < j < n, is a permutation block
for G,, (see Proposition 5), then T(B(vjt1,...,v,)) = G; T(0,...,0,vj41,... ,v,)
is a coset of Gi; in G. It is obvious that all such cosets can be described in this way.
By Lemma 11 it follows that p; ,, restricted to 8 v(G) is the regular representation
when j7 = 0 and it is equivalent to the representation of G' acting on the cosets of
G; in G, when 1 < j < n. Since the subgroups G; are normal in G we have, as an
immediate consequence, the following proposition.
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Proposition 13. For all g € G, the elements 0 v(g) are diagonal in G,,.

With the same argument we see that wt(0r(g)) < j if and only if 1(g) €
ker(pj.n) = Bj i.e. g € G; which is equivalent to wt(g) < j. This can be stated as
a proposition.

Proposition 14. wt(g) = wt(0v(g)) for all g € G.

Assume that G is a finite group and H < G a subgroup, then the permutation
character induced by H to G is denoted by lf[. We shall use the well known formula
|Calg)|-19“NH|
(7 15(9) = v

where ¢g@ is the conjugacy class in G of the element g (see [4]). An immediate
consequence is the following lemma.

Lemma 15. Assume that G is a finite group and H, K < G are subgroups. Then
19 =1% if and only if |g° NH | =g N K| for all g € G.

We shall say, as in the introduction, that two subgroups H and K of a finite
group G are linked in G if 1§ = 1¢.

Let G be a finite group and ¥ = {G;}!", an invariant series of G with abelian
factors G;/G,;_1 of prime exponent p;. Let also po = 1. If g € G let i; = wt(g),
and recursively define i, = wt(gP"1P%-1). The sequence

{iktiza

is called the weight sequence of the element g with respect to 3.

Theorem 16. Assume that G and H are two linked subgroups of a finite soluble
group L. Then there exist invariant series {G;}'_, of G and {H;}?_, of H with
abelian factors of prime exponent and a bijection f: G — H, such that g and f(g)
have the same weight sequence.

Proof. Let {L;}!_; be a principal series of L and let {G;}!_; be the series obtained
intersecting {L;}!_, with G and eliminating duplications. The series {G;}}_; has
abelian factors of prime exponent. For i = 1,... ,n, let M; be the normal closure
of G; in L. If G; = Ly NG, then clearly M; < Ly and so G; = M; N G. Put
H; = M; " H. We also have H; = LN H. In fact H; = M; "H < L;N H. To
see the opposite inclusion let h € L, N H, then, by Lemma 15, h” intersects G,
so® #htNG C Ly NG = G; which implies h € M; N H. Again by Lemma 15
every conjugacy class of L intersects GG; and H; in the same number of elements.
It follows that |Giy1/G;| = | Hit+1/H;|- This implies that {H;}, is obtained
by intersecting {L;}7_; with H and so the factors H;y1/H; are abelian. We have
also that the exponent of H;; mod M; is equal to the exponent of G;4; mod M;,
which is a prime integer. Hence {H;}? , is a series of normal subgroups of H
with abelian factors of prime exponent. Moreover, since | g NG| = | gl N H | for
all ¢ € G, there exists a bijection f: G — H such that f(g) is conjugate to g
in L. Then, for all k € Z, the element f(g)* is conjugate to ¢g* in L. Hence
wt(g*) = wt(f(g)*) = min {i: g¥ € M;}, so f preserves the weight sequences. [

Remark. With the notation as in the previous theorem it is easy to verify that
g has the same weight sequence as f(g) if and only if for all k& € Z there holds
wt(f(g*)) = wt(g*). The sufficiency of the condition is trivial. Conversely assume
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that g and f(g) have the same weight sequence. Note that, if (k,p;;) = 1, then
wt(g*) = wt(g) = wt(h) = wt(h*). Otherwise ¢g* is a power of gP1. Since clearly
io = wt(gPir) = wt(f(g)Pir) then the claim follows by induction on wt(g).

Let V be a finite elementary abelian group of order ¢ = p”, for some prime p
and some positive integer r. V can be identified with the additive group of the
Galois field F(g). The semidirect product A(q) = F(q)*[F(q)] acts faithfully on V'
as a one-dimensional affine group: z(*? = axz +b. For 1 < j < n let q; = |Vjl]; we
can then form the iterated wreath product of permutation groups:

(8) Ank = (- (Algn) Wiy AlGn+1) Wiy o) Wi Algr))-

We shall put, by definition, A,, = A; .

The group A is a permutation group over Dy ;. Using Lemma 3 we find
easily, for h < i@ < k, that Apx = An,i p,,,, Ait1,k- We shall denote again by
Pik: An gk — A1 the canonical projection, since it corresponds to the permu-
tation representation of Ap ; on the block system F;j obtained reasoning as in
Proposition 5.

Lemma 17. Let g and ¢’ be two diagonal elements having the same weight se-
quence. Then g and g’ are conjugate elements of A,,.

Proof. If n = 1, then A(q1) acts transitively on V; \ {0} by conjugation. Two
elements g, g’ € Gy are then conjugate in A; if and only if they are both trivial or
not, hence if and only if wt(g") = wt(g’") for all r € Z. We now assume that n > 1
and argue by induction on n. We consider two cases:

(a) wt(g) = wt(g') <mn,

(b) wt(g) = wt(g) = n.
In case (a) we show that g and ¢’ are conjugate in the base subgroup of A, =
An—1D, ., Alqn). Let wt(g) = wt(g9') = h <n —1 < n, then g and ¢’ are in the
kernel of the permutation representation p,_1,. Write A, = A,_1p, . Alqn),
then referring to such a decomposition, we can write ¢ = (1,a) and ¢’ = (1,b)
with a,b: D,, , — G;. By Proposition 7, the elements a(i) and b(i) are diagonal
and wt(a(i)*) = wt(b(i)*), for all k € Z. By the remark following Theorem 16,
they satisfy the inductive hypotheses and there exist elements ¢(i) € A,—1 such
that a(i)°® = b(i). This defines a function c: D, ,, — Gi. Put h = (1,¢), then

g" = ¢’. The element h, belonging to ker Pn—1,n, is contained in the base subgroup

of -An - -An—l l —Dn,nA(qn)

In case (b) let ¢ = (u,a) and ¢’ = (v,b), with u,v € V,, and a,b: V,, — G,,_1.
Choose an element | € A(g,) such that u! = v and put s = (I,1), ¢’ = g° = (v,a’).
The element g”, being conjugate to g, has the same weight sequence as g and
g'. Also ¢(¢") = ¢(g), where ¢: G, — V,, is the canonical projection. Consider
the elements ¢’’" and ¢"*". They are diagonal, by Proposition 7, and conjugate
in the base subgroup of A,_1 1 A, by case (a). Then there exists an element
t € A" in the base subgroup such that (¢”*")* = ¢’". Since we have the
inclusions A,‘Z/Zl <A, 11V, < An—1 v, Algn) = Ay, we now apply Proposition 8
to the group A,_11V, and its elements g” b and g’'. We deduce that there exists
an h € A,_11V, such that ¢g*th = g”th = ¢’, and, since sth € A,, the claim is
proved. O
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Theorem 18. Let {G;}}-, and {H;}}_, be two invariant series with abelian factors
of prime exponents respectively of the finite groups G and H. Assume that there
exists a bijection f: G — H such that, for all g € G, the elements g and f(g)
have the same weight sequence with respect to the above series. Let T € E(G) and
T' € E(H) be two restricted exponential functions. Then 0 1(G) and 0 (H) are
linked in A,,.

Proof. By Propositions 7, 13 and 14, the elements 0 v(g) and 6 1+(f(g)) are conju-
gate in A,,. Since f is a bijection, we find that each A,-conjugacy class intersects
both 8 1(G) and 0 1 (H) in the same number of elements. The thesis then follows
from Lemma, 15. O

We can summarize what we have proved in the following theorem.

Theorem 19. Let G and H be two soluble finite groups, then the following are
equivalent:
(i) There exists a finite soluble group L and embeddings o: G — L andT: H — L
such that lg(G) = 1£(H).
(ii) There exist invariant series {G;}"_, of G and {H;}?_, of H with abelian fac-

tors of prime exponent, such that 1;4;(@ = 1;)4;‘/(1{) for all pairs of restricted

ezponential functions T € E(G) and T' € E(H).

(i) There exist invariant series {G;}l_, of G and {H;}}—, of H with abelian
factors of prime exponent and a bijection f: G — H such that, for all g € G,
the elements g and f(g) have the same weight sequence with respect to the
series above.

5. A COUNTEREXAMPLE AND SOME OPEN QUESTIONS

From the results contained in [1] it is easy to see that, if G and H are two
nilpotent groups inducing the same permutation character in some nilpotent finite
overgroup, that there exist central series, say {G;}; of G and {H;}I, of H,
such that G;/G;—1 = H,;/H;—1 = V; is cyclic of order p and 132(6,) = 15’”;/(11). It
would be interesting to know if the group G,, works in place of A,, also in solvable
cases. In fact | G, | has the property of having the same prime divisors as | G |. The
answer is no and we give a counterexample: there exist two solvable groups H and
K which induce the same permutation character in a finite soluble group L having
the same prime divisors of G and H, but for any choice of series {H;}?_, of H and
{G;}™_, of G and respective restricted exponential functions T’ and T, we have

Gn Gn
10T(G) # 19T/(H)'
Let I be the 3 x 3 identity matrix and put M = (1 é) and N = (§§8)
a,b, /

1
where the entries are in the Galois field F(7). Let S = {(a,b,c), T = (a/, ¥, ') and
Q= (a",b", "), where:

0
0
1

00T , .
a=(100), a =a, a’ = a,

010

M 0 0 M0 0 MO0
b—(04M0), b’:(OMo), b”:(OJO),

0 0 2M 0 0 M 001

21 0 0 , ” NOO
c=(02r0), d=c¢ d'=(0or10).

00 2r 001

The group Q is isomorphic to (C31C3) 1 C5 and is a Sylow 3-subgroup of GL(9,7).
The inclusions S, T" < @ are iterated Frobenius embeddings with respect to the
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central series ¥ : 1 < (¢) < (b,¢) < {a,b,c) and &' : 1 < (/) < (¥, /) < {(a',V, ).
By a result contained in [1] the groups S and T', having exponent p, induce the same
permutation character to Q. Let V = F(7)? be the natural module for GL(9,7),
then let G = S[V], H=T[V] and L = Q[V]. A direct counting argument shows:

Colq)V| [Co(@)V]
(a.0)" NG| =[g? 5| =0T e )

L
Cr(q,v) (@, )" N H].

Hence 15 = 1%,

Let {G;}7, be an invariant series of G with abelian factors of prime exponent
and let j be the smallest index such that V' < G;. We want to show that V = Gj.
Assume, by contradiction, that 3 divides |G;|. Let W = V N G;_; and U be a
3-Sylow sequence of Gj. Without loss of generality we may assume 1 # U = SNGj.
Since V is a completely reducible U-module under conjugation, then V=W & X,
where X # 0 by the minimality of j. Moreover G;/G,_1 is of prime exponent and
contains an isomorphic copy of X. We deduce that U < G;j_;. Let g € X, then
for all s € U we see s9 = s[s,g] € Gj—1. Hence [s,g] € WNX =0, and X is a
trivial U-module. By the definition of S we see immediately that V has no trivial
Z(S)-submodules, where Z(S) is the centre of S. So Z(S) € U, and this contradicts
the fact that in an extraspecial 3-group the centre is the unique minimal normal
subgroup.

Let N be a normal subgroup of G, then the series 1 < N < G can be refined to
a chief series of G. By the argument in the last paragraph, we deduce that either
N <V or V< N. In particular G has no normal subgroup of order 7.

Lemma 20. If g € G1, then 01(g9) € B1. As a function from Ds, to Vi, 01(g)
maps d to gT(07d)71. In particular, it maps (0,...,0) to g.

Proof. The claim is equivalent to
(v, d)? @) = (v, + gT(07d)’17d)

for all v; in V4. Since the exponential map is a bijection, the displayed equation is
equivalent to

T((’Ul,d)eT(g)) — T(Ul +gT(O,d)*17d).

By Lemma 11 the left hand side is T(vy, d)g, that is, Ty (v1) T(0, d)g. The right hand
side is Ty (v1) T1(gT@D ") T(0,d). Since Ty is an identity map, this expression is
equal to Tq(v1) T(0,d)g, which proves the equality. |

Assume, by contradiction, that there exist series {G;}?, of G and {H;}", of
H with restricted exponential functions T and T’ such that 13’; @) = 191;,( ) We
have seen that there exists an index j such that G; =V, and by Lemma 15, there
is a bijection f: G — H such that 61/(f(g)) is conjugate to 1(g) in G,, then
|Hj| = |G, |, and hence H; =V too.

Since H; <V and T is abelian with F(7) as splitting field for 7', the minimal
normal subgroups of H contained in H; are all cyclic: let (hi) be one of them.
We know from Lemma 20 that 61 (hy) is a function from Dz, to Vi and all its
values are H-conjugate to h;. Since (h1) is normal in H, all these values lie in
(h1): that is, 6 (h1) € (h1)P>". Suppose that h € H and 61 (h) € (h)>". By
Proposition 14 (ii), h € Hy. Hence, by the last clause in Lemma 20, h is the value
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of 0. (h) at (0,...,0), so that k € (hy). Thus the assumption 0 (k) € (hy)">"
implies that h € (hq): we have proved that

01 (H) N ()P = (01 (hy)).

Since <h1>D2’" is normal in G, (being normalized by Gs,, and centralized by Bi),
and since its intersection with 6 (H) has order 7, it follows from Lemma 15 that
00(G) N (hy)”>" is a normal subgroup of order 7. This contradicts the fact that
G has no normal subgroup of order 7, and so completes the proof.

In [1], Section 4, there is an example of two p-groups H and K, that induce the
same premutation character in some common finite overgroup but which cannot
be embedded as linked subgroups of any finite p-group. Referring to that example
the series 1 < Q;(H) < H and 1 < Q;(K) < K are invariant with abelian factors
of exponent p (see [5], page 324, for the definition of ;). Note that any bijection
f+ H — K such that f(1) = 1 and f(21(H)) = Q1(K) preserves the weight
sequences with respect to previous series. So H and K can be embedded as linked
subgroups in a solvable finite group. So if H and K are linked p-subgroups of a
solvable group they need not be linked subgroups of a finite p-group. This example
leads to the open question:

Q1. If G and H are linked p-subgroups of a finite group, must there exist a finite
solvable group with linked subgroups isomorphic to G and H?

More generally it would be interesting to know if it is sufficient to count the elements
of all possible given orders of two finite groups to state that they can be embedded
as linked subgroups in a solvable group. Indeed we do not have an analogous
example as in [1], Section 4, so we leave as open also the following:

Q2. If G and H are linked solvable subgroups of a finite group, does there exist a
finite solvable group with linked subgroups isomorphic to G and H?
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